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Abstract.
We devise a method of building Dowker spaces from copies of Bing's example G . We show that, if there is a compact cardinal, then there is a fj-discrete hereditarily normal Dowker space.
In this paper, we describe a new method of constructing Dowker spaces. We use this method to show that, if there is a strongly compact cardinal, then there is a CT-discrete hereditarily normal Dowker space.
The topological definitions of this paper are standard (see [2] ). A Dowker space is a normal Hausdorff topological space which is not countably paracompact. Dowker spaces with assorted properties have been constructed under various set-theoretic assumptions and even in ZFC. The reader is referred to [6] or Rudin's survey article [5] . A topological space is cx-discrete if it is the union of countably many subspaces, each of which is discrete in the subspace topology. The set-theoretic definitions of this paper are standard (see [4] ). We use the Erdös notations [kf = {A c k: \A\ = p} and [k]<fi = {A c k: \A\ < p} and we also use Kunen's notation Fn(k, p) = {f: (3A e [/i]<w): f € p}. We say that k is strongly compact if each /c-complete filter is a subset of a /c-complete ultrafilter (see [3] ). Subsets of A x B may be treated as relations.
The idea of the construction is quite simple. We iterate a hypothetical variation of Bing's space [1] along co to get a Dowker space. This variation has two levels. The upper level is a discrete family of points and the lower level is a set of isolated points. These levels have equal cardinality k and we shall assume that there is a certain kind of countably complete filter on k . The crucial property of the filter is that an open set which contains "most" of the upper level must contain "most" of the lower level. The filter is needed to make this notion precise. Lemma 1 describes this interaction. A surprising aspect is that the proof of normality is nontrivial. Lemma 1. Let X be a set of cardinality k. Let F be a countably complete filter on X. If there is a normal Hausdorff topology x on X x 2 such that X x {0} is a set of isolated points, X x {1} is a discrete family of points and such that, whenever U is an open subset of X x2, U ( 1 ) G F =>■ U (0) € F , then there is a a-discrete hereditarily normal Dowker space of cardinality k .
Proof. The iteration has X xco as an underlying set. The topology on Xxco is xw = {U cXxto:
(Vn€co)(U~x(n)x{0})U(U~x(n+ 1)x{1})gt}. We can think of X x co as an ascending sequence of levels. Each two adjacent levels are homeomorphic, as a subspace, to X x 2. A subset of X x co is open if and only if its intersection with each two adjacent levels is open in X x 2.
xw is a topology on X x to because i is a topology on X x 2. Each X xco -{(x, n)} is an open set in X x co and so points are closed in X x co.
We show that X x co is hereditarily normal. For each A c X, there is 0(A) clopen in 1x2 such that 0(A)~ (1) = A . That is the content of the normality of X x 2 . This process can be finitely iterated. For each Ac X and n G co, there is 0(A, n) clopen in X x (n + 1) with the subspace topology such that 0(A, n)~ (n) = A. To see this, define {0¡(A, n): i < n} by induction downwards on i < n by On(A, n) = A and 0¡(A, n) = (0(Oi+x(A, n)))~x(0) and let 0(A, n) -\J{0¡(A, n) x{i}: i < n}. Let H and K be disjoint subsets of X x to such that H n K = H n K -0 . We must separate H and K by open sets to demonstrate hereditary normality.
A basic fact is needed:
(1) AcXABcXx(co-n)AAx{n}nB = 0^ 0(A , n)r\B = 0.
This shows that passing from A to 0(A, n) does not add limit points at level n or higher. Let us prove fact 1. Let K = A x {«} u 0(A, n). K is closed in X x co since 0(A, n) is clopen in X x (n + 1) and each intersection of K with two adjacent levels is closed. Thus 0(A, n) c A x {n} u 0(A, n) while 0(A, n)n(Xx (co-n)) c A x {n}.
A standard subtraction technique (see, e.g. Lemma 1.5.14 of [2] ) shows that to separate H and K it suffices to find countably many open sets each of whose closures intersect at most one of H and K but which cover H and K. Therefore, it suffices, without loss of generality, to find, for each n € co, an open set U suchthat U D H"x(n)x{n} and VnK = 0. Now 0(H~x(n), n) is an open set in X x to whose closure is disjoint from all of K but the first n levels (since H~ (n) x {n} c H and H n K = 0, we can use fact 1 letting A = H~ (n) and B = K n (X x (co -n)). It suffices, therefore, to find an open set which contains H~ (n) x {«} and whose closure misses the z'th level of K (where i < n). In fact V = 0(H~x(n), n) -0(K~~X(i), i) does the trick. Applying fact 1, letting A = K~ (i) and B = H~ (n) x {«}, shows that V contains H~x (n) x {«} and completes the proof.
We show that X x co is not countably paracompact. For each n € co, X x (co -n) is closed and (~){X x (co -n): n € co} = 0. Suppose that there is an open family {Un : n G co} such that Un D X x (to -n) for each n € co and License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use f]{Un : n €co} = 0. We need another basic fact:
To see this, apply the hypothesis on X x 2 in the statement of the lemma, letting U = (A~x(i+l)x{l})\j(A~x(i)x{0}). For each n€co, U~x(n) DXx{n}cF and so, by induction downwards, using fact 2, for each i < n, U~ (i) € F. In particular, for each n g co , U~ (0) G F. Since F is countably complete (~){Uñ (0)' n e oe} IS nonempty and so (]{Un : n G co} is nonempty.
In the next lemma, we construct the variation of Bing's space which is needed and isolate the combinatorial properties which the filter must have. In this way, we leave general topology and enter combinatorial set theory.
A review of Bing's space is useful. Throughout this paper we will ignore the distinction between the power set of a set X and the set 2 of 2-valued functions on I. A version of Bing's space with a discrete family of points X 2X is defined by letting the set of isolated points be 2 and letting a neighborhood of x G X be defined for each p € This is how condition 3 of Lemma 2 is the filter condition of Lemma 1.
The most confusing aspect of the iteration will be the identification of an isolated point, a function from 2 into 2 with a nonisolated point, an element of X. This identification is made in two steps. An element of X is identified X X with a function from the cardinal |2 | into 2 in Lemma 2 but |2 | will not be identified with 2 until much later. This means that an unspecified bijection XX X n between 2 and |2 | must be used. X is a set of functions from |2 | into 2. n permits this noncircular method of defining X to be a set of functions from 2 into 2. The version of Bing's space defined above is not Hausdorff; there are too many isolated points. This is no problem, however, as we do not need all of the isolated points anyway. Condition 4 of Lemma 2 makes 1x2
Hausdorff. It is really just a technical condition which ensures that the filter is nontrivial. The next lemma analyzes the combinatorics which have been isolated in Lemma 2 into a comprehensible form. The filter F must be uniform to keep the technical condition 4 of Lemma 2 satisfied. The filter F must be hypothesized to be as complete as the permissible size of the A-systems which will arise in Lemma 3. This unfortunately adds another parameter p . The reader should keep in mind that p is probably tox or k . The author conjectures that the hypotheses of the lemma can be satisfied when p = cox but the application in this paper has p = k . The lemma pushes a A-system analysis of a neighborhood assignment through the combinatorics of Lemma 2. Proof. We show that conditions 3 and 4 of Lemma 2 hold. First we show condition 3. Let A € F and <f>: A -> [2 ] <w. 4> specifies a neighborhood assignment. We need more than <f>(x) ; we need to know whether x is an element of the various elements of tj>(x). Define *F: ,4 -► Fn(2 , 2) by (Ms € (p(x))x¥(x)(s) = 1 <=> x € s. *F tells us what we want to know. We want to do a A-system analysis of ¥. An ordinary A-system argument yields a subset of A of large cardinality but we need to get "most" of A to be mapped to elements of a fixed A-system.
We will construct by induction a tree T of height at most co and cardinality less than p. A potential node in this tree is an ordered pair (B, f) where B is a subset of A, f€ Fn(2x , 2) and (Vx g ByY(x) D /. Let N be the set of potential nodes.
The root of T is (A, 0). Let us define the successors of an arbitrary node (B, f). Let G be a maximal subfamily of {*F(x) -f: x € B} with pairwise disjoint domains.
There are two possibilities. If 0 € G or \G\ > p, then (B, f) has no successors. Otherwise, we must find Z g [N]<M such that the first coordinates of the elements of I partition B into nonempty sets and such that the second coordinate of any element of I extends / by adding exactly one element to the domain. This one element must be chosen from the domain of an element of G. Each element of I is an immediate successor of (B, f). T has now been defined. For example, if {<f>(x): x € A} have pairwise disjoint domains then the tree consists of a single node.
We need to define Y g [[Fn (2 , 2) ]ß]<ß to keep track of why nodes might have no successors. Whenever it is decided that (B, f) g T has no successors although 0 ^ G at that time, we put a subset of G of cardinality p into T. Each element of Y must therefore have cardinality p and so, since the cardinality of T is less than p (using cf(p) > co), Y is well defined. Let E be the set of nodes of T without successors. Let Q be the set of second coordinates (each of which is a finite partial function) of elements of E. Since the cardinality of T is less than p, \Q\ < p. There is /' G 2 such that x0 t¿ x" and thus exactly one of x,(7r({x"})) = 1 and x0 G {x"} is true.
We shall now produce F and X. In reading the next lemma, the reader should interpret FP to be designed to take care of the /¿-sized families with disjoint domains and interpret B to be designed to take care of the families of size less than p (although it does this only under the assumption that F is an ultrafilter). In this lemma we only assume that F is a filter. A will eventually be the ultrafilter although it is used to define the filter whence the ultrafilter arises.
We really need X to be "random". The Hewitt-Marczewski-Pondiczery theorem does this for us under sup{/c" : v <k} = k . This method of getting a "random" set is used in [7] as well. We can now use the ultrafilter which the compact cardinal provides to simplify the difficult requirement of Lemma 3 and prove the main result. Theorem 1. If there is a strongly compact cardinal k , then there is a o-discrete hereditarily normal Dowker space.
Proof. That k is a strongly compact cardinal says that any /c-complete filter can be extended to a /c-complete ultrafilter. The inaccessibility of k implies that sup{k" : v < k} = k and so we can let k, A, X and B be as in Lemma 4. We use strong compactness to get a /c-complete ultrafilter F which includes the /c-complete filter base B . We shall fulfill the hypothesis of Lemma 3 with p -K. Let n: 2 -» k be a bijection such that n(F) = A . Let Q c Fn(2 , 2). 
